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Abstract. Bulletproofs (Bunz et al. IEEE S&P 2018) are a celebrated
ZK proof system that allows for short and efficient proofs, and have been
implemented and deployed in several real-world systems.

In practice, they are most often implemented in their non-interactive
version obtained using the Fiat-Shamir transform, despite the lack of a
formal proof of security for this setting.

Prior to this work, there was no evidence that malleability attacks were
not possible against Fiat-Shamir Bulletproofs. Malleability attacks can
lead to very severe vulnerabilities, as they allow an adversary to forge
proofs re-using or modifying parts of the proofs provided by the honest
parties.

In this paper, we show for the first time that Bulletproofs (or any other
similar multi-round proof system satisfying some form of weak unique
response property) achieve simulation-extractability in the algebraic group
model.

This implies that Fiat-Shamir Bulletproofs are non-malleable.

Keywords: Non-interactive Zero-knowledge, Simulation-extractability,
Fiat-Shamir

1 Introduction

Zero-knowledge (ZK) proof systems [24] are one of the most fascinating ideas in
modern cryptography, as they allow a prover to persuade a verifier that some
statement is true without revealing any other information. In recent years we
have observed a new renaissance for ZK proofs, motivated in large part by their
applications to advanced Blockchain applications. This has led, among other
things, to a standardization effort for ZK proofs.*
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A celebrated modern ZK proof system is Bulletproofs [6]. Bulletproofs offer
transparent setup, short proofs and efficient verification (and it is therefore a
zero-knowledge succinct argument of knowledge or zkSNARK) using only very
well established computational assumptions, namely the hardness of discrete
logarithms. At the heart of Bulletproofs lies an “inner product” component. This
can be used then for general purpose proofs (i.e., where the statement is described
as an arithmetic circuit) or for specific purpose proofs (i.e., range proofs, which
are the most common use case in practice). Bulletproofs have been implemented
in real world systems, especially for confidential transaction systems, like Monero,
Mimblewimble, MobileCoin, Interstellar, etc.

Most practical applications of Bulletproofs utilize their non-interactive variant
which, since Bulletproofs is a public-coin proof system, can be obtained using
the Fiat-Shamir heuristic [17] e.g., the interaction with the verifier (who is only
supposed to send uniformly random challenges) is replaced by interacting with a
public hash function. Under the assumption that the hash function is a random
oracle, one can hope that the prover has no easier time producing proofs for false
statements (or for statements for which they do not know a witness) than when
interacting with an actual verifier.

While the Fiat-Shamir heuristic has been around for decades, its formal
analysis has only been performed much later. It is first in [16] that it was formally
proven that the Fiat-Shamir heuristic is indeed sound. However, this proof only
applies to classic X-protocols [11], which are a special class of ZK protocols with
only 3 moves. Therefore this analysis does not cover the case of Bulletproofs,
which is a multi-round protocol.

For the case of Bulletproofs, it was first in [22], that it was shown that Fiat-
Shamir Bulletproofs are indeed arguments of knowledge e.g., it is not possible for
the prover to produce a valid proof without knowing a witness for the statement
(a similar result, but with less tight bounds, appeared concurrently also in [8]).
However, the results in [22] only consider a malicious prover “in isolation”, whereas
in most practical applications of Bulletproofs, several provers are producing and
exchanging proofs at the same time (e.g., on a Blockchain).

The notion of non-malleability in cryptography was introduced in [14], and
the notion of non-malleability for zero-knowledge proofs was introduced in [33].
In a nutshell, a malleability attack is one in which the adversary gets to see proofs
from honest parties, and then modifies or re-uses parts of the proofs output by
the honest parties to forge a proof on some statement for which they do not know
a witness. Malleability attacks can have very serious consequences, such as the
famous MtGox attack of 2014 [13].

Therefore, it is worrisome that Fiat-Shamir Bulletproofs have been imple-
mented in the wild without any solid evidence that malleability attacks are not
possible against them.

Luckily, in this paper we are able to show that Fiat-Shamir Bulletproofs
satisfy a strong notion of simulation-extractability which in particular implies
non-malleability. We do so in the algebraic group model (AGM) which is a model
that only considers restricted classes of adversaries that, in a nutshell, output a



group element z € G together with its representations [z] w.r.t. all elements they
have seen so far. This is a limitation that our result shares with previous results
in this area [8,22] that studied concrete knowledge-soundness of Fiat—Shamir
Bulletproofs.

1.1 Technical Overview

As already argued, in applications where proof systems are deployed, an adversary
who tries to break the system has access to proofs provided by other parties using
the same scheme. Thus, any reasonable security notion must require that a ZK
proof system be secure against adversaries that potentially see and utilise proofs
generated by different parties. Simulation-soundness (SIM-SND) and simulation-
extractability (SIM-EXT) are the notions that guarantee soundness (the prover
cannot prove false statements) or the stronger property knowledge-soundness
(the prover cannot prove statements without knowing a witness) to hold against
adversaries who may see many (simulated) proofs.

Our starting point is the work of [22], that proves that the Fiat-Shamir
transform of Bulletproofs (henceforth BP) is knowledge-sound in the AGM and
random oracle (RO) model. They do this by first proving that the interactive
version of BP satisfies a stronger property of state-restoration witness extended
emulation (SR-WEE), where the prover is allowed to rewind the verifier a polyno-
mial number of times (hence the name since the prover can “restore” the state of
the verifier). They then turn this into a result for Fiat-Shamir BP by showing
that for any adversary who breaks the knowledge-soundness of Fiat-Shamir BP,
there exists an adversary for the SR-WEE property of the interactive BP.

The natural question is then, can their proof be easily extend to the case of
SIM-EXT (where the result needs to hold even when the simulator has to provide
the adversary with simulated proofs on statements of their choice)? To see why
this is not straightforward, consider the following natural approach: just answer
the proof queries of the adversary by running the honest verifier zero-knowledge
simulator of BP, and then program the RO with the challenges returned by the
simulator. The RO queries, on the other hand, are simply forwarded to the state-
restoration oracle as before. This simple approach works if the underlying protocol
satisfies “unique response”, which informally means that the adversary cannot
generate two distinct accepting transcripts that share a common prefix. (This
notion has already been used to prove simulation-extractability of X-protocols [16],
multi-round public coin interactive protocols [15,30], and Sonic and Plonk [30]).
However, BP does not have unique response under their definition: this is simple
to see since randomized commitments are sent from the prover during the third
round. Therefore, if the forged proof returned by the adversary has a matching

prefix as one of the simulated proofs, this forged proof cannot be used to break
SR-WEE.5

5 In a nutshell, this is because the forged proof may not be an accepting transcript in
the SR-WEE game since the shared prefix is a partial transcript that has not been
queried to the oracle before. Hence, the oracle has no knowledge of the simulated



The next natural attempt might then be to “de-randomize” later rounds of
BP e.g., by letting the prover choose and commit all their random coins in the
first round, and then prove consistency of all future rounds with these coins. This
of course introduces new challenges, since these additional consistency proofs
must themselves not use any additional randomness in rounds other than the first
one. While these technical challenges could be overcome using the right tools,
the final solution would be all but satisfactory. First of all, the new protocol
would be less efficient than the original BP. And perhaps more importantly, all
real-world implementations of BP would have to decide whether to switch to the
new protocol without any evidence that the original BP is insecure.

Instead, we present a new approach here that allows us to prove that Fiat-
Shamir BP as is satisfies SIM-EXT, which has wide-reaching impact for systems
based on BP that are already in use. The diagram in the full version [21]
summarizes our modular security analysis towards simulation-extractability of
multi-round Fiat—-Shamir NIZK. We discuss our new security notions and a chain
of implications below.

Unique response. We introduce two new definitions: state-restoration unique
response (SR-UR), and weak unique response (FS-WUR), which are the interactive,
and non-interactive definitions for showing unique response of protocols. We
show that these two notions are tightly related, i.e., FS-WUR tightly reduces
to SR-UR of the interactive protocol (Lemma 1). Both notions require that it
should be hard for the adversary, on input a simulated proof, to output a proof
which shares a prefix with it. This is opposed to the previous notion of unique
response that requires it should be infeasible for the adversary to come up with
two different proofs that share a prefix. As an analogy, our notion is akin to
second preimage resistance for hash functions, while the previous notion is akin to
collision resistance. Clearly, it is easier to show that an existing protocol satisfies
the weaker definition. But it is in turn harder to show that the weaker definition
is enough to achieve the overall goal. However, note that the weaker variant of
the definition is also somewhat closer to the intuitive goal of non-malleability:
we do not want the adversary to be able to reuse parts of proofs generated by
other parties to forge new proofs.

Simultation-extractability of multi-round Fiat—Shamir. Once we have
FS-EXT (i.e., extractability), FS-WUR, and NIZK for a non-interactive protocol,
we are able to show its online simulation-extractability (Lemma 2). Putting
together, we prove a general theorem showing that:

Theorem 1 (General Theorem (Informal)). If a multi-round public-coin
interactive protocol satisfies: (1) adaptive state-restoration witness extended
emulation (aSR-WEE), (2) perfect HVZK with an algebraic simulator, and (3)
state-restoration unique responses (SR-UR), then the non-interactive version of the
protocol achieved via the Fiat-Shamir transform, is online simulation-extractable
(FS-SIM-EXT) in the algebraic group model and the random oracle model.

proofs and therefore any partial transcript that has a matching prefix with a simulated
proof.



While our framework has been built with Bulletproofs as its main use case,
we believe that it is general enough and could be used to show simulation-
extractability for other public-coin protocols in the literature.

Non-malleable Bulletproofs. We use our definitional foundation to show
that Fiat-Shamir BP is non-malleable and give concrete security bounds for it.
The main technical contribution here is to show that BP satisfies our (weaker)
definition of unique response, namely SR-UR. For the other assumptions in the
theorem, we rely on existing knowledge with some adjustments: BP is already
known to satisfy SR-WEE (from [22]), however in our theorem we require a
stronger (adaptive) version of the definition, namely aSR-WEE, but it turns out
that the proof of SR-WEE in [22] can be used to show the stronger definition as
well. Finally, BP is already known to admit a perfect HVZK simulator, which we
have to extend to the algebraic setting. Thus, using the general theorem, we get
our result. We do this for two versions of BP, namely Bulletproofs for arithmetic
circuits (in Section 4) and range-proofs Bulletproofs (cf. full version [21]).

1.2 Related work

Goldwasser and Kalai [23] show that the Fiat-Shamir heuristic is not sound in
general, by showing explicit — and somewhat contrived — counterexamples that
cannot be proven secure for any hash function. However, there is no evidence
that any natural construction using the Fiat-Shamir heuristic is insecure.

Faust et al. [16] are the first to analyze SIM-SND and SIM-EXT of Fiat—Shamir
NIZK from X-protocols. Kohlweiss and Zajac [30] extend their result to multi-
round protocols with (ng,...,n,)-special soundness where all-but-one n;’s are
equal to 1, which is the case for some modern zkSNARKs (cf. [20,31]), but is not
the case for Bulletproofs-style recursive protocols.

Don et al. [15] study multi-round Fiat-Shamir in the quantum random oracle
model, but their generic claim (Corollary 15) incurs at least a multiplicative
factor O(g")° in the loss in soundness due to Fiat-Shamir, even if the result is
downgraded to the classical setting. Hence their result leads to a super-polynomial
loss when the number of rounds r depends on the security parameter as in
Bulletproofs. They also showed SIM-EXT of multi-round Fiat—Shamir proofs in
the QROM assuming the unique response property of the underlying interactive
protocols. As we shall see later, Bulletproofs do not meet their definition of
unique responses and we are thus motivated to explore alternative paths towards
SIM-EXT, but in the classical ROM and the AGM.

There are a limited number of works that analyze the concrete soundness
loss incurred by Fiat—Shamir when applied to non-constant round protocols.
Ben-Sasson et al. [5] show that if the underlying interactive oracle proof protocol
satisfies state-restoration soundness (SR-SND) (a stronger variant of soundness
where the prover is allowed to rewind the verifier states) then Fiat—Shamir only
introduces 3(¢? + 1)27* of additive loss both in soundness (SND) and proof

5 Here and below ¢ is the number of queries to the random oracle, r is the number of
rounds, and A is the security parameter.



of knowledge (EXT). Canetti et al. [9,10] propose the closely related notion of
round-by-round soundness (RBR-SND) which is sufficient to achieve soundness,
even without round oracles. Following these works, Holmgren [29] shows SR-SND
and RBR-SND are equivalent.

The latest works on this line of research are due to Ghoshal and Tessaro [22]
and Biinz et al. [8]. They both provide a detailed analysis of non-interactive
Bulletproofs in the algebraic group model (AGM) [19] and, in particular, the
former shows state-restoration witness extended emulation (SR-WEE) of interac-
tive Bulletproofs in the AGM and uses it to argue that EXT of non-interactive
Bulletproofs results in (g + 1)/25"M) in additive loss, where sLen()) is the bit
length of the shortest challenge. However, none of these works explore SIM-SND
or SIM-EXT of non-constant round Fiat—Shamir.

There are also other zkSNARKSs that satisfy simulation-extractability such
as e.g., [27] and [26,30]. However, these constructions are very different than
Bulletproofs since they rely on a structured reference string which comes with a
trapdoor, the knowledge of which compromises the soundness. [3] show techniques
to make [26] black-box weakly SIM-EXT NIZK using verifiable encryption. A
generic framework to turn existing zkSNARKSs into SIM-EXT zkSNARKSs was
presented in [2], but Bulletproofs is not covered by their result since their
transform only works for schemes with trusted setup.

2 Preliminaries

Due to space constraints, some standard preliminaries are deferred to the full
version [21].

The Algebraic Group Model. The algebraic group model was introduced
in [19]. An adversary A,jg is called algebraic if every group element output by
Aaig is accompanied by a representation of that group element in terms of all
the group elements that A,z has seen so far (input and output). Let y1,. .., yx
be all the group elements previously input and output by Aag. Then, every
group element y output by A,jg, is accompanied by its representation (z1,...,xy)

such that y = Hle y;*. Following [19], we write [y] to denote a group element
enhanced with its representation; [y] = (y,z1, ..., 2).

Adaptive state-restoration witness extended emulation. Here we define
an adaptive variant of state-restoration witness extended emulation (aSR-WEE)
defined in [22]. Intuitively, state-restoration witness extended emulation says that
having resettable access to the verifier (or “restoring its state”, hence the name)
should not help a malicious prover in producing a valid proof without knowing a
witness for the statement. Formally, the definition consists of two games denoted
as aWEE-17""" and aWEE—OfY’%'g’D described in Figure 1. The former captures
the real game, lets the prover P, interact with an oracle O, which additionally
stores all queried transcripts tr. The latter is finally given to a distinguisher D
which outputs a decision bit. In contrast, the ideal game delegates the role of

answering Paig’s oracle queries to a (stateful) extractor £. The extractor, at the



end of the execution, also outputs a witness candidate w. Due to the adaptive
nature of our variant, we also need to redefine the predicate Acc() so that it
accepts a pair (z*,7*) output by the adversary at the end if and only if the
pair exists in the execution paths and it gets accepted by the verifier. Formally,
Acc(tr,z*, T*) now outputs 1 if (z*,7*) € tr and V(pp,2*, T*) = 1, and outputs
0 otherwise. For an interactive proof IT = (Setup, P, V) and an associated relation
‘R, non-uniform algebraic prover P,jg, a distinguisher D, and an extractor £ we
define:

AAvERVE(E, Pag, D, \) =

Pr [aWEE-lZQ'g‘D()\)] —Pr {aWEE-OZ%‘g’D(A)} ‘ (1)

Definition 1 (aSR-WEE security). An interactive proof II = (Setup, P, V)
is online aSR-WEE secure if there exists an efficient € such that for any (non-
uniform algebraic) Paig and for any distinguisher D, Adv#f;’iWEE(S, Paig, D, \) is
negligible in \.

The main difference with the original definition in [22] is that we allow the
adversary to change the statement associated with a transcript in every query,
whereas [22] forces the adversary to commit to the fixed statement x in advance.
We remark that their results about Bulletproofs still hold under this variant,
because nowhere in the proof do they actually exploit the fact that the statement
is fixed. Hence, the following is immediate from [22]. We provide more details
on this in the full version [21].

Theorem 2 (Adapted from Theorem 6 of [22]). The protocol BP is
aSR-WEE secure.

NIZK and Simulation Oracles. We define zero-knowledge for non-interactive
arguments in the explicitly programmable random oracle model where the sim-
ulator can program the random oracle. The formalization below can be seen
as that of [16] adapted to multi-round protocols. The zero-knowledge simulator
Sks is defined as a stateful algorithm that operates in two modes. In the first
mode, (¢;, st') < Sgs(1, st, t,4) takes care of random oracle calls to H; on input ¢.
In the second mode, (T, st') < Srs(2, st, x) simulates the actual argument. For
convenience we define three “wrapper” oracles. These oracles are stateful and
share state.

— 8S1(t,1) to denote the oracle that returns the first output of Sgs(1, st, t,4);

— Sa(z,w) that returns the first output of Ses(2, st, z) if (pp,z,w) € R and L
otherwise;

— S)(z) that returns the first output of Sgs(2, st, x).

Since NIZK is a security property that is only guaranteed for valid statements
in the language, the definition below makes use of Sy as a proof simulation oracle.
As we shall see later, simulation-extractability on the other hand is defined with
respect to an oracle similar to &5 following [16].



Definition 2 (Non-interactive Zero Knowledge.). A non-interactive ar-
gument ITgs = (Setup, PF'S, VF'S) for relation R is unbounded non-interactive zero
knowledge (NIZK) in the random oracle model, if there exist a PPT simulator
Sks with wrapper oracles S; and Ss such that for all PPT distinguisher D there
exist a negligible function p(\) it holds that

‘Pr [DH’PES(Y\) - 1} _Pr [DShSQ(ﬂ)]‘ < ()
where both PHs(pp,x,w) and Sy return L if (pp,z,w) & R.

Given a perfect HVZK simulator S for IT, we immediately obtain the following
canonical NIZK simulator Sgs for Ilgs by defining responses of each mode as
follows.

— To answer query (t,4) with mode 1, Sgs(1,st,¢,4) lazily samples a lookup
table Q; ; kept in state st. It checks whether Qy ;[t] is already defined. If this
is the case, it returns the previously assigned value; otherwise it returns and
sets a fresh random value ¢; sampled from Ch;.

— To answer query x with mode 2, Sgs(2, st, ) calls the perfect HVZK simulator
S of I to obtain a simulated proof m = (a1, c1,...,ar, ¢, arg1). Then, it
programs the tables such that Q1 1[z,a1] :=c1,..., Q1 ,[x,01,¢1,..., 0] :=
c.. If any of the table entries has been already defined Sgs aborts, which
should happen with negligible probability assuming high min-entropy of a;.

Online Extractability in the AGM. We introduce the definition of (adaptive)
online extractability (FS-EXT) in the AGM. Unlike the usual online extraction
scenario (e.g., [18,32,34]), where an extractor is only given *, 7* and the random
oracle query history as inputs and asked to extract the witness, our definition
below requires the extractor to intercept/program the queries/answers to the RO
for P,ig. We do so because some proofs in [22] (such as Theorem 2 and 3) relating
state-restoration witness-extended emulation for II and argument of knowledge
for IIgs do appear to exploit this extra power of the extractor, which to the best
of our understanding appears necessary for their proofs to go through.

This modification in turn requires the existence of an extractor (&, 1) where
& takes care of simulating the RO responses for P,z and then & produces a
valid witness given an adversarial forgery. Our formalization therefore follows
variants of extractability in the literature that explicitly introduce a distinguisher
to guarantee the validity of simulation conducted by &1, e.g., [35, Def. 11] for
Fiat—Shamir NIZK or [25] for CRS-based NIZK. On the other hand, we do not
grant the extractor an oracle access to P,z to explicitly capture the “online’
nature of extraction, i.e., no rewinding step is required.

)

Note also that the roles of (&£, &1) and D below are also analogous to those
of the extractor and the distinguisher in aSR-WEE. Thus, our definition allows
smooth transition from aSR-WEE to FS-EXT.



Game aWEE-17"5"()) :

tr < (e, ¢€)
pp + Setup(1?)

b+ D( ,tr, )
return (b= 1)

Game aWEE-03; 2% " (\):

Oracle O, (], [T], [ai])

tr < (e, ¢€)
pp « Setup(1?)

w < E(ste, )
b <+ D( Jtr, )
b+ ( = (pp,z*,w) € R)

return (b=1)A (b= 1)

Parse 7 as T = (a1,¢1,*+ ,4i—1,Ci—1)
if (z,7) €tr then
if i <r then
tr + tr|| (2, (T, ai, ci))
return c;
else if i = r + 1 then

d+ V(pp7 T, (T, al))
return d
return L

Oracle 0%, ([],[T], [a:])

Parse T as T = (a1,¢1, "+ ,Qi—1,Ci—1)
if (z,7) etr then
if i <r then
(resp, ste) < E(ste, [2], [(T, a:)])
tr < tr”( ) (T7 Qi, resp))
return resp
else if i = r + 1 then

d <+ V(ppv €, (T7 al))
return d
return |

Fig. 1: Online aSR-WEE Security (adapted from [22], with differences highlighted

in ).

H,Pag, D

Game EXT-1;7 """ (A) :

pp + Setup(1?)

(&™), [T") st )  Pll(pp)
d « Vs(pp, z*, T7)

b« D(stpalg,m*, T Q1)
return (b=1)

g:Palg;D

Game EXT-07; "% (M):

pp + Setup(lA)

ste < pp

(["], [T"], stp,,) < Pl (pp)

d Vi (pp,z", ")

b+ D(stpalg,x*7 T Q1)

w 50(5t57 [CL‘*], [7—*})

b« (d=1= (pp,z",w) €R)
return (b=1)A(b=1)

Fig. 2: Extractability games. Note that in the EXT-1 experiment, calling the
verification algorithm Vgg has an impact on the RO query set Q1. In particular,
omitting this, there might be trivial distinguishing attacks due to the differences

in @7 between EXT-1 and EXT-0.




Definition 3 (FS-EXT security). Let IIgs = (Setup, Ps, Vrs) be a NIZK
scheme for language L. Let H be a random oracle. Ilgs is online extractable
(FS-EXT) in the AGM and the ROM if there exists an efficient extractor & =
(&0, &1) such that for every PPT algebraic adversary Pag and every distinguisher
D, the following probability is negligible in \:

AAVFTEXT(H, &, Pag, D, A) := [Pr[EXT-157P (\)] — Pr[EXT-on’Z:j';gD(A)]’ .

In Fig. 2, each of Q1 ={Q1, }ie[l l s a set of query response pairs corresponding
to queries to H or & with random oracle indezx i.

We recall a relation between aSR-WEE and FS-EXT, because one of our claims
(Lemma 2) uses FS-EXT as an assumption. Although Theorem 2 of [22] is for
non-adaptive variants of these notions, the proof for the following theorem is
almost identical except that we do not ask PJj, to submit the statement x in the
beginning, just like in Theorem 2.

Theorem 3. Let R be a relation. Let II be a r-challenge public coin interactive
protocol for the relation R where the ith challenge is sampled from Ch; for
i € [1,r]. Let £ be an aSR-WEE extractor for II. There exists an FS-EXT extractor
E* = (&},E&F) for Ips such that for every non-uniform algebraic prover Ple
against Ilgs that makes q¢ random oracle queries, and for every distinguisher D*,
there exists a non-uniform algebraic prover Pag and a distinguisher D such that
for all A € NT,

AV ERT(H, €7, P, D7, N) < Advi? ko5 (€, Paig, D, A) + (g + 1) /|Chy, |
where ig € [1,7] is the round with the smallest challenge set Ch;, . Moreover,
Paig makes at most g queries to its oracle and is nearly as efficient as The
extractor £ is nearly as efficient as &.

alg-
A proof sketch is found in the full version [21].

3 Simulation-Extractability from State-Restoration
Unique Response

Our results make use of the concrete security proof of extractability for Bullet-
proofs given by [22] in the algebraic group model. Thus, the first step towards
proving simulation-extractability for Bulletproofs is to provide a formal defini-
tion of simulation-extractability in the algebraic group model, which has not
previously appeared in the literature.

3.1 Simulation-Extractability in the AGM

On a high-level, the simulation-extractability (SIM-EXT) property ensures that
extractability holds even if the cheating adversary sees simulated proofs. Defining

10



SIM-EXT in the AGM is a non-trivial task: because the algebraic adversary outputs
group representation with respect to all the group elements they have observed so
far, the format of representation gets complex as the adversary receives more
simulated proofs, whose representation might not be w.r.t. generators present in
pp. To make our analysis simpler, we introduce the notion of algebraic simulator.

Definition 4 (Algebraic simulator). Consider a perfectly HVZK argument
of knowledge (Setup, P, V) with a PPT simulator S. The simulator S is algebraic
if on receiving a statement x and its group representation [x] as input, it outputs
a proof% and its group representation [’ﬁ with respect to generators in pp and
generators used for representing x. For an algebraic simulator S, we denote

[T] = S([x))-

Definition 5 (Algebraic simulator for NIZK). Consider a non-interactive
argument of knowledge (Setup, Prs, Ves) with NIZK simulator Sgs. The simulator
Sks s algebraic if on receiving a statement x and its group representation [x]
as input, its second mode outputs proofs %, their group representations [7~'] with
respect to generators in pp and generators used for representing x. For an algebraic
simulator Sgs, we denote ([T], st’) < Ses(2, st, [X]).

Remark 1. Our use of algebraic is similar in spirit to composability results in the
AGM [1] where the environment is required to be algebraic as well, in addition
to the adversary; in particular they require the simulator for proving security
to be algebraic. Restricting the simulator to be algebraic does not seem to limit
the class of protocols that we can analyze, since typical simulators for discrete-
log-based protocols are already algebraic. Consider the simulator for the Schnorr
protocol: given a statement z € G and random challenge p the simulator outputs
(g*z~", p, z) where z is uniformly sampled from Z,. In the next section, we show
that the simulator for Bulletproofs is also algebraic.

Remark 2. By construction, if we have an algebraic HVZK simulator S for II,
then the corresponding canonical NIZK simulator Sgs for IIgs (see the paragraph
after Definition 2) fixed by S is also algebraic, since Sgs internally invokes S to
obtain a proof.

We now extend the definition of FS-EXT to simulation-extractability, by
equipping the cheating algebraic prover with access to proof simulation oracles in
addition to the random oracle. Formally, we define simulation-extractability with
respect to a specific NIZK simulator Sgs and the corresponding wrapper oracles
(81,85) (see Section 2). That is, S; on input (¢,i) returns the first output of
Sks(1, st,t,i) (i.e., corresponding the random oracle H in FS-EXT) and &) on an
input statement x returns the first output of Sgs(2, st, x), respectively.

Following FS-EXT, we define a simulator-extractor € = (&9, €1, E2), where &
receives a random oracle query of the form (¢,4) (similar to the wrapper oracle
S1) and returns a challenge from Ch;; &; receives a statement query z and returns
a simulated proof (similar to the wrapper oracle 85); & extracts a witness at the
end. The differences with Definition 3 are highlighted in
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—| Game SIM-EXT-1;; *"%P()) : _‘ Game SIM-EXT-07;"%7 (\):
pp < Setup(1*) pp + Setup(1*)
([, [T*),stp, ) < P (PP) ste PP
Pt 0 ([2"), [T"),stp,, ) < Pii>" (pp)
d Vg (pp 2", T7) i
b D(stp, .a*, T", Q1, O2) d = Ves (pp, 2", T7)

b Distp, 2", T", Q1, 02)

w  Eo(ste, [z7], [T7])

b ((d=1 ) = (pp,z",w) € R)
return (b=1)A(b=1)

return (b= 1)

Fig. 3: Simulation extractability games. Like in Fig. 2, in the SIM-EXT-1 experi-
ment, calling the verification algorithm Vgs has an impact on the RO query set

Q.

At a high-level, the security requirement of FS-SIM-EXT is two-fold: (1) (&1, &2)
in the game SIM-EXT-0 correctly simulates the adversary’s view in SIM-EXT-1
(indicated by a bit b), and (2) the extractor & outputs a valid witness as long as
an adversarial forgery (z*,T*) is accepting and non-trivial, i.e., not identical to
what’s obtained by querying a proof simulation oracle (indicated by a bit b).

Definition 6 (FS-SIM-EXT security). Consider a NIZK scheme Ilgs =

(Setup, Pes, Vrs) for language L NIZK
Section 2. Ils is
FS-SIM-EXT in the AGM and ROM, if there exists an

efficient simulator-extractor € = (€, €1, &) such that for every PPT algebraic
adversary Pag and every distinguisher D, the following probability is negligible in
A

AV IR T (See, €, Paig, D, N)
= [Pr[SIM-EXT-1;,. TP (\)] —Pr[SIM-EXT.afY’zj;aD(A)]‘.

In Fig. 3, each of Q1 ={Q1 }ie[l ol is a set of query response pairs corresponding
to queries to or & with random oracle index i.

Comparison with previous SIM-EXT definitions Although we borrow the
formalization of wrapper oracles (S1,S5) from [16], our definition of FS-SIM-EXT
is different from their “weak” (Def. 6, an extractor requires rewinding access
to the adversary) and “full” (Def. 7, an extractor is tasked with extracting a
witness by only looking at an adversarial statement-proof pair) SIM-EXT. Indeed,
neither of these is suitable in our setting. The former is too weak because we
aim for an “online” way of extraction; the latter is too strong since the extractor
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used for showing reduction from FS-EXT to aSR-WEE (Theorem 3) already needs
additional control over RO queries. To the best of our knowledge, there has been
no previous work analyzing Fiat—-Shamir NIZK under the latter notion even in
the AGM.

Another difference with previous FS-SIM-EXT definitions is that ours explicitly
handles indistinguishability of two games. This wasn’t the case in [16] because
their proof of weak SIM-EXT invokes the general forking lemma [4] that implicitly
takes care of perfect indistinguishability of two runs. Our definition can essentially
be seen as Def. 11 of Unruh [35] extended with a proof simulation oracle, which
however was considered “too strong” in that work as its focus is security in the
QROM. In contrast, our main focus is analysis in the CROM and online extraction
enabled by the AGM (following the previous FS-EXT analysis conducted by
[22]). Thus, we believe ours is most suitable for formally analyzing SIM-EXT of
Bulletproofs based on the state-of-the-art.

There also exist several SIM-EXT definitions for CRS-NIZK (e.g., [2,3,12,25,
28,33]) but the way they are formulated is naturally different since the plain
extractability already varies and simulators for CRS-NIZK behave in a different
fashion. Perhaps a variant of Groth [25] is somewhat close to ours: the first part of
the extractor handles simulation of CRS (so that it generates a trapdoor without
the adversary noticing) and the second part takes care of witness extraction.

Remark 3. In the AGM, the representation submitted by the adversary is w.r.t.
the group elements present in pp and all the simulated proofs they have seen
so far. However, once we assume an algebraic simulator, it is always possible
for £ to convert such representation to the one w.r.t. pp and previously queried
statements. As we shall see later, this will greatly simplify our security proof in
the AGM because it will allow us to reuse the existing extractor analysis (where
there is no simulation oracle).

State-restoration unique response. Our first definition considers the game
SR-U Rga‘g’s()\) in Figure 4. As the name indicates it has a flavor of aSR-WEE and
it is therefore — compared to the the usual UR definition for interactive protocols —
both stronger (in the sense that an adversary can rewind the verifier) and weaker
(in the sense that an adversary is forced to use the simulated transcript to find a
forgery).

Concretely, the prover initially generates an instance z on which it attempts
to break the unique response property. Similar to aSR-WEE, we capture the
power of the prover to rewind the verifier with an oracle Ogy. Roughly, the oracle
allows the prover to build an execution tree, which is extended with each query
to it by the prover. The prover succeeds if it comes up with another accepting
transcript 7 that is part of the execution tree and have a prefix in common with
the simulated transcript 7. Let 7 = (a1, ¢, ..., ar, ¢, ary1) denote a transcript.
We write T; to denote a partial transcript consisting of the first 2¢ messages of
T,ie, T|i = (a1,c1,...,ai,¢).

We also remark that, unlike aSR-WEE, our SR-UR is deliberately made non-
adaptive to prove subsequent lemmas with a weaker assumption. Indeed, the
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Game SR-UR7?*° (\)

Oracle O ([T], [a:])

win < false Parse T as TI(CL1,C1,--~ ,ai_l,ci_l)
tr ¢ if 7 € tr then
pp Setup(l*) if i <r then
([z],sty) < Ai(pp) e & Chy;tr < tr||(T, s, ¢i);
T « S(pp, z) return c¢;
for:=1,...,r do else if i =r 4+ 1 then
tr < tr|| (T d < V(pp,z, (T, a:))

end for do ¢ (3j € [1,7] : Tl; = Tl Aajir # Gjsa)
Run A (T, st 4) if d, =1Ady =1 then
return win win < true

return d;

return |

Fig. 4: State-restoration Unique Response.

reductions we present later will go through even though the resulting simulation-
extractability claim has an adaptive flavor.

Definition 7 (SR-UR). Consider a (2r + 1)-round public-coin interactive proof
system IT = (Setup, P, V) that has perfect HVZK simulator S. II is said to have
state-restoration unique response (SR-UR) with respect to a simulator S, if for all
PPT algebraic adversaries Azg = (A1, A2), the advantage Advf]R'UR(AMg,S) =

Pr[SR-UR Y= (\)] is negl(\).

Weak Unique Response We now present our weak unique response definition
tailored to non-interactive protocols. While typical unique response properties
in the literature are defined for interactive protocols, [30, Definition 7] is in the
non-interactive setting. Our definition below is strictly weaker than theirs, as
we only need to guarantee the hardness of finding another accepting transcript
forked from simulated (honest) one.

Definition 8 (FS-WUR). Consider a (2r 4+ 1)-round public-coin interactive
proof system IT = (Setup, P, V) and the resulting NIZK ITgs = (Setup, Pes, Vrs)
via Fiat-Shamir transform. Let Sgs be a perfect NIZK simulator for Ilgs (Def-
inition 2) with wrapper oracles (S1,8%) as defined in Section 2. Ilgs is said to
have weak unique responses (FS-WUR) with respect to Sgs if given a transcript
T = (a1,¢1,...,Qp, Cryary1) simulated by Sgs, it is hard to find another accepting
transcript T = (a1,¢1,...,0p, Cr,arq1) that both have a common prefix up to
the ith challenge for an instance x. That is, for all PPT algebraic adversaries
Aaig = (A1, A2) the advantage AdeSF'SWUR(Aa|g,SFS) defined as the following
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probability is negl(\):

s _ pp < Setup(1%);
Veslep, e, T) =1 | (1) &)  AS (pp):
PriA(Fjell,r]: Tl =Tl T« Sh(x);

J
Aaji1 7# aj-ﬁ-l) (T] « A«QSH (7- st);

We now show that FS-WUR of I1gs reduces to SR-UR of the interactive proof
system II in the AGM. Informally, the lemma below guarantees that one can
construct an adversary breaking unique response in the interactive setting, given
an adversary breaking unique response in the non-interactive setting, as long as
it makes RO queries for the accepting transcript in right order. As mentioned
earlier, the reduction below does not crucially depend on the AGM: if a given
protocol meets SR-UR without the AGM the proof holds almost verbatim without
the AGM as well. Proof is rather straightforward and thus is deferred to the full
version [21].

Lemma 1. Consider a (2r + 1)-round public-coin interactive proof system I =
(Setup, P, V) and the resulting NIZK IIgs = (Setup, Prs, Vrs) via Fiat-Shamir
transform. Let S be a perfect algebraic HVZK simulator for II and Sgs be the
corresponding canonical NIZK simulator for Ilgs. If IT has SR-UR with respect to
S, then Ilgs has FS-WUR with respect to Sgs. That is, for every PPT adversary A
against FS-WUR of Ilrs that makes q queries to Sy, there exists a PPT adversary
B against SR-UR of II such that,

qg+1

Advi "VR(A, Ses) < AdviFYR(B,S) + Chr |
20

where iy € [1,7] is the round with the smallest challenge set Ch;,. Moreover, B
makes at most q queries to its oracle and is nearly as efficient as A.

3.2 From Weak Unique Response to Simulation-extractability

We now prove the simulation-extractability of a non-interactive protocol ITgs
assuming it comes with an algebraic NIZK simulator Sgs, it is extractable and
has weak unique responses with respect to Sgs. On a high-level the proof works
by constructing another adversary P that forwards the RO queries made by a
FS-SIM-EXT adversary aig to the FS-EXT game, except for the ones that have
prefix in common with any of the simulated transcripts. This will allow us to
invoke the extractor £ that is only guaranteed to work in the FS-EXT setting. On
the other hand, thanks to the FS-WUR property we can argue that a cheating
prover also has a hard time finding another transcript by reusing any prefix of a
simulated transcript.

We stress that, as long as FS-WUR and FS-EXT are satisfied without the AGM
the proof below holds almost verbatim without the AGM as well. Interestingly,
proof in the AGM requires additional care about representation submitted by Paig:
whenever P,g forwards group elements with representation to external entities
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(i.e., H, &1, and &), it must always convert representation to the one only with
respect to generators in pp. This is made possible thanks to an algebraic simulator
Sks; by probing how Sgs simulates a transcript with respect to the generators
in pp, Pag can translate the group representation submitted by ;]g even if it
depends on previously simulated transcripts. This is crucial for invoking the
extractor from FS-EXT, since a cheating prover against FS-EXT is only allowed
to use the generators present in pp. We also remark that the additive security
loss due to failure of RO programming by S} is not present in the bound since
we use a canonical NIZK simulator as an assumption and such a loss already
appears when showing NIZK from HVZK.

Lemma 2. Consider a NIZK argument system Ilgs with an algebraic NIZK
simulator Sgs. If IIgs is FS-WUR with respect to Sgs and online FS-EXT, then it
is online FS-SIM-EXT with respect to Sfs.

Concretely, let £ = (€9,E1) be an FS-EXT extractor for Igs. There exists an
efficient FS-SIM-EXT simulator-extractor £* = (5, &5, &) for Igs such that for
every algebraic prover P:|g against ITgs that makes q1 random oracle queries (i.e.,
queries to Sy or &), and qo simulation queries (i.e., queries to Sy or E5 ), and for
every distinguisher D*, there exists another algebraic prover Paig, a distinguisher
D, and an FS-WUR adversary Aaig, such that for all X\ € NT,
Advi 2R (Srs, €7, Pligy D°) < Advii o 5 (H, €, Paig, D) + g2 - AV R (Auig, Srs).

alg»

Moreover, Pag and Aag make at most g1 queries to their oracle and is nearly as

efficient as Pj,. The extractor £ is nearly as efficient as €.

Proof. Without loss of generality we assume PJj, does not repeat the same RO
queries. We first construct a cheating prover Pag against FS-EXT that internally
uses the FS-SIM-EXT adversary aig and simulates its view in FS-SIM-EXT.

We now describe the following simple hybrids.
Gy This game is identical to SIM—EXT—l‘ISYIF’SS%Pa'g’D (A). We have

81,8,,P;. D

Pr[Go(Pl, D*)] = Pr[SIM-EXT-17.227 (W),

*
alg»

G; This game is identical to Gy except that it aborts if d = 1 (i.e., (z*,T*) is

accepting) and (z*,7*) ¢ Q,, while there exists some (z*,7) € Qy that has

prefix in common with 7* but differs at the response right after that prefix,

i.e., for some j <r it holds that 7*|; = T|; and aj,, # @j11. The abort event

implies that there exists an efficient FS-WUR adversary A,z that internally uses
- That is,

|Pr[Go(Pjig, D*)] — Pr[Gy1 (P, D¥)]| < Pr[Gy(

* *
alg» alg» aIg>D ) aborts]

: (2)
< gz - AdViD R (Aaig, Srs).

We defer the reduction deriving (2) to later.

Constructing P,z and D for FS-EXT. We now construct a FS-EXT adversary
Paig and a distinguisher D. P, plays an FS-EXT game while internally simulating
the view of P, in the game G; as follows.
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— On receiving pp from Setup(1*), Payg forwards pp to Pj,.

— Whenever makes a simulation query with input [z], Paig internally invokes

*
alg
Sks(2, st, [x]) to obtain ([T], st’) and records a statement-proof pair (z,7)
in the set Q. Pag also separately keeps track of representation of every
entry in Qs. Then it programs the RO tables Q; for every challenge in 7T as

Srs(2, st, [z]) would do.

— Whenever PZ, (or Vs at the end) makes a random oracle query with input
((pp, [z],[T]; [ai]), i), where T = (a1,c1,...,ai—1,¢i—1), Pajg checks whether
there exists some (z, 7~') € Q> that has prefix in common with 7, i.e., for
some j <4 —1 it holds that T1|; = '7~'|] If that is the case, it lazily samples
¢; from Ch; and updates Qs ,; accordingly, as Ses(1, st, (pp, [], [T], [a:]), )
would do. Otherwise, it forwards the query ((pp,z,T,a;),%) to a FS-EXT
game with converted group representation, receives ¢; € Ch;, and updates
Q1,; accordingly.

— When P}, outputs a forgery ([z*],[T]), Pag first checks whether it causes
aborts in the game G;. If that is the case, P,z also aborts because it implies
that the challenge values in 7* are not obtained by forwarding the corre-
sponding queries to a FS-EXT game and therefore (z*, 7*) is not accepting
in the FS-EXT game.

— Otherwise, P,z outputs (z*,T*,stpalg) to a FS-EXT game with converted
group representation, where stp = (Q1, 9Q2).

A FS-EXT distinguisher D internally invokes D* on input (stpalg7 x*,T*, Q1,Q5)
and outputs whatever D* returns. By construction, we have

Pr[G; (Pjg. D)) = PrEXT-157 P ()],

:|g7
Constructing &* for FS-SIM-EXT. We define a simulator-extractor £* =
(&5, &7, E3) using a FS-EXT extractor € = (&, &1). £ answers the random oracle
queries made by P;, as Pag would, by using the responses from &;. &5 answers
the simulation queries made by P}, as Pag would, by internally invoking Ss.
& outputs whatever & returns on input (stg, [z*], [7*]). Note that, if P, does
not abort, 7* has no prefix in common with any of the previously simulated
transcripts. In that case, thanks to the random oracle simulation conducted by
Paig as above, for every i € [1,r], ¢ has been obtained by querying the random
oracle in a FS-EXT game with input ((pp, «*, 7*|i-1, a;),%). Therefore, (x*, T*)
gets accepted by V,fsl whenever it gets accepted by V,fsl (@, T*) ¢ Qa, and Pag
does not abort. By construction, £* succeeds in extraction if and only if £ does

so in the game EXT—O%E%D(}\). Thus we have

Pr{SIM-EXT-05, 727" ()] = PrEXT-05757 (V).

Reduction to FS-WUR. We now bound the probability that the game G;

aborts. We argue that, if there exists (P, D*) that causes Gi(P;,, D) to abort
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(or in other words, that causes P,g to abort), one can use Pig to construct
another adversary A, = (A1, Az) that breaks FS-WUR with respect to Sgs. The
reduction goes as follows. The differences with P,z are highlighted in orange.

— A, first picks a query index k €

1, g2] uniformly at random.

— On receiving pp from Setup(1*), A, forwards pp to e

— Whenever Py, makes a simulation query with input [x], if this is the kth
simulation query then it forwards = to 85 in the FS-WUR game with converted
group representation. We denote the statement-transcript pair of the kth
query by (2%, 7%).7 Otherwise, A; internally invokes Sgs(2, st, [z]) to obtain
([T], st'). It records a statement-proof pair (z,7) in the set Q. A also
separately keeps track of representation of every entry in Q. Then it programs
the RO tables Q; for every challenge in T as Sgs(2, st, [z]) would do. A, also
responds to simulation queries in the same way, except that it never forwards
a statement to the FS-WUR game.

— Whenever PZ, (or Vs at the end) makes a random oracle query with input
((pp, [%],[T], [ai]), %), where T = (a1,c1y...,ai-1,¢i—1), As checks whether
(xF, 7'/') has prefix in common with 7, i.e., for some j < i — 1 it holds that
Tl = j'/\/ If that is the case, it forwards the query ((pp,x,7T,a;),7) to S;
in the FS-WUR game with converted group representation, receives ¢; € Ch;,
and updates Oy ; accordingly. Otherwise, it lazily samples ¢; from Ch; and
updates Q; ; accordingly, as Srs(1, st, (pp, [], [T], [a:]), %) would do. A; also
responds to random oracle queries in the same way, except that it never
forwards queries to the FS-WUR game.

— When P;,, outputs a forgery ([z*], [T*]), Aalg first checks whether it causes
aborts in the game G;. If that is the case, A, forwards 7 to the FS-WUR
game as a forgery with converted group representation.

* 9

The above procedure perfectly simulates Pj,’s view in the game G;. By
construction A, breaks FS-WUR with respect to Srs if G; aborts and (z* =
P AT* has some prefix in common with ’?'k), because then it is guaranteed that
for every i € [1,r], ¢f has been obtained by querying the oracles (S1,S5) in the
FS-WUR game. Therefore, T* does qualify as a valid forgery in the FS-WUR
game. Conditioned on the event that G; aborts, the probability that A,z wins is
at least 1/qo. Therefore, we have

1
- - Pr[Gy (P, D*) aborts] < Adv?;s\{vij(Aag,SFs)

which derives (2). Putting together, we obtain

7 We note that Aag does not get to know the representation of 7~'k unlike other
simulated transcripts, as that particular one comes from the FS-WUR game and
its representation is not disclosed to the adversary. Therefore, all the subsequent
outputs from P, are with respect to pp and T*. This, however, does not prevent us

from showing reduction because outputting representation w.r.t. pp and T* is indeed
allowed in the FS-WUR game.
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)Pr[S|M-EXT-1‘§F’S‘%’P5?D* (V)] — Pr[SIM-EXT-05, 77" ()]

vaalgaD

< [Pr[EXT-1572P (V)] — PrEXT-057767 (V]| + g2 - Advi W R (Aug, Srs)

<AAV R (H, €, Pag, D) + g2 - Advi; /% (Aaig, Srs).

3.3 Generic Result on Simulation-extractability

Theorem 4. Let R be a relation. Let II be a r-challenge public coin interactive
protocol for the relation R where the ith challenge is sampled from Ch; for
€ [1,r]. Suppose II satisfies: aSR-WEE, perfect HVZK with algebraic simulator
S, and SR-UR with respect to S. Let Sgs be the corresponding canonical NIZK
simulator for Sgs fized by S. Then Ilgs is FS-SIM-EXT with respect to Sgs.
Concretely, let £ be an aSR-WEE extractor for II. There exists an efficient
FS-SIM-EXT simulator-extractor £* for Ilgs such that for every mon-uniform
algebraic prover P:lg against Ilgs that makes g1 random oracle queries, and g
stmulation queries, and for every distinguisher D*, there exists a non-uniform
algebraic prover Pag, an SR-UR adversary Aag, and a distinguisher D such that
for all A € N*,
AV IR T (Sps, %, Phg, DT M)
(g2 + V(@ +1)

SAdV?{%WEE<57 Paig: D, A) + qo - Advff;gR(Aag, S,A) + Chy, |
1o

where ig € [1,7] is the round with the smallest challenge set Ch;,.

Proof. From Theorem 3, aSR-WEE of IT implies FS-EXT security of Ilgs. From
Lemma 1, SR-UR and HVZK of IT implies FS-WUR security of IIgs. Finally, from
Lemma 2, FS-EXT and FS-WUR imply FS-SIM-EXT security of IIrs. Putting
together all the concrete bounds, we obtain the result. a

4 Non-Malleability of Bulletproofs — Arithmetic Circuits

The protocol for arithmetic circuit satisfiability as it appears in Bulletproofs
(henceforth referred as BP) [7] is formally described in Protocol 1 of the full
version [21] and proceeds as follows: In the first round, the prover commits to
values on the wire of the circuit (i.e. ar,ar and ap), and the blinding vectors
(sL,sr). It receives challenges y, z from the verifier. Based on these challenges,
the prover defines three polynomials, [, and t, where ¢(X) = ([(X),r(X)), and
commits to the coeflicients of the polynomial ¢ in the third round, i.e. commitments
Ty, Ts, Ty, Ts, and, T¢®. On receiving a challenge z from the verifier, the prover

8 The degree two term is independent of the witness and can be computed by the
verifier, therefore there is no T commitment.
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evaluates polynomials /,7 on this challenge point, computes ¢ = (I(z), r(x)), and
values f3,,u, and sends B, u,%,1 = I(z) and r = 7(x) in the fifth round. The
verifier accepts if: the commitments {T;},—s (for S = {1,3,4,5,6}) are to the
correct polynomial ¢ and if { = (I, r). To get logarithmic proof size, the prover
and verifier define an instance of the inner dot product for checking the condition
t = (1,r), instead of sending vectors L, r in clear.

The inner product subroutine is presented in the full version [21].

—  Simulator 1: Sgp

The algebraic simulator Sgp is given as input:

PP = (TL, Qa g, ha U, g, h), X = (WLa WRv WO7 C)
The transcript is simulated as follows where the difference with the original
simulator is marked in

1. x,y,w,z(in

$
2' 63?7:U’<_ ZP

8 h=hY" v =u"
9. Wy, — i

y—no(z[?j—llw Q:-f—l.wo)

We Wr=g ® Wo =hY Ui

10. 5= (A7 - A5 g7l (W)Y T WE - Wh-Wo - hH)
7513_1

11. Ty = (h_Bw _ga:2~(5(y7Z)+<zﬁf]r1,c>)*t . H?:g Tiw)

12. T = (S, A1, Aosy, z:{T; Yies: @ £, B, ps w3 L, r)

13. Output [T]

4.1 Algebraic Simulation

In Simulator 1 we define an algebraic simulator Sgp for BP which is going to
be used in both the proof of HVZK and SR-UR. The simulator Sgp essentially
works as the simulator from [6], except that, since it needs to explicitly output
group representation for each simulated element, it will generate Ay, Ap as
well as the T;’s by learning their discrete logarithm in bases g, h, u instead of
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generically sampling random group elements like in the original proof. This
makes no difference for the ZK claim and makes the proof of SR-UR simpler. Note
that, since the simulator picks all the challenges at random in the first step, the
simulator can easily be changed to satisfy the stronger special HVZK. However,
by defining the simulator like this we can reuse it in both of the following claims.
Note also that while the output of the simulator does not explicitly contain the
group representation (t1,81) of T w.r.t base (g,h), it is possible to compute
these values from the output of the simulator.

Remark 4. The simulator for the recursive version of Bulletproof e.g., the one
that calls InPrd instead of sending 1, r directly, can easily be constructed from the
simulator above by running the InPrd protocol on 1, r. The algebraic simulator
also outputs the representation for the elements L;, R; generated during this
protocol and this representation will be used explicitly in the proof later.

Claim 1. The protocol BP (Protocol 1 of the full version [21]) is perfect HVZK
with algebraic simulator Sgp (Simulator 1) .

Proof. The claim follows directly from the proof of HVZK in [6] by observing that
the way Ay, Ao, T3,Ty,Ts, T are generated in our and their simulator produces
the exact same distribution (in their case they are sampled as random elements
from the group; in ours, we generate them by raising generators to random
exponents, and those are not re-used anywhere else).

4.2 State-restoration Unique Responses

The following claim is crucial for invoking our generic result from Theorem 4. We
remind the reader that proving uniqueness of the randomized commitments T;’s
is made possible thanks to our relaxed definition: if the adversary was allowed to
control both transcripts, it would be trivial to break the (strong) unique response
by honestly executing the prover algorithm twice with known witness and by
committing to ¢; using distinct randomnesses §; and 3;. Our proof below on
the other hand argues that a cheating prover in SR-UR has a hard time forging
T; once one of the transcripts has been fixed by a simulator. In other words,
they cannot reuse parts of simulated proofs without knowing how the simulated
messages were generated. This is true even for true statements where the prover
might know the witness.

Claim 2. Protocol BP (Protocol 1 of the full version [21]) satisfies state-restoration
unique response (SR-UR) with respect to Sgp (Simulator 1) in the AGM, under
the assumption that solving the discrete-log relation is hard. That is, for every
PPT adversary A, against SR-UR of BP that makes q queries to Oex (F'ig. 4),
there exists a PPT adversary A against DL-REL such that,

(14n + 8)g

AdvaR YR (Aur, Sep) < AdVvPEFREL(Gy, Ay) + -1
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Proof. Given an algebraic adversary for SR-UR-game A, = (A1, .As) for protocol
BP (Fig. 4), we construct an adversary, A, who breaks the discrete-log relation.

A, upon receiving a discrete-log relation challenge interacts with A, as follows:
It first runs A;(pp) (where pp includes all the generators from the discrete-log
relation assumption) to receive an instance [x] and st. A then invokes the simulator
Sgp on [z] to receive a transcript T. A then runs Ay on T and st. Queries to the
SR-UR-oracle Oy are handled by A locally as in the SR-UR game, by sampling
random challenges and forwarding to As. A locally records the tree of transcripts.
Note that when A, queries Oy, it also submits the group representation in
terms of all groups elements seen so far. Moreover, the simulator Sgp is algebraic,
and therefore A can efficiently recover all representation for elements in 7 and
T into an equivalent representation purely in terms of g, h, g, h, u which will be
used to break the discrete-logarithm assumption.

Since A, wins the SR-UR game [T] is an accepting transcript for statement
[2] which is different from [T], but has a common prefix. Therefore, at least the
first two messages must be equal. In particular, Sgp outputs transcript of the
form

,7— = (Aly A-Oa 5’7:&727 (T’L>’L€Sa j75z7ﬂ7£7w7 -Z/17 Rhi‘lv ey L’m7Rmai'm7d7 5)
and A, outputs transcripts of the form
T = (AHANO’S';:]]’E; (E)iGS;xvﬂa:v/'L?tA?valleaxl? e aL’vam7xm7a7b)

where we denote m = log(n).
We now proceed with a case by case analysis based on the first message in T
which is different from 7.

If T; #+ T, for some i € S, then the verification equation satisfied by 7T is

(g(m))a(h(m))b(u/)ab

- (ﬁ Lff> ~ (ﬁ R ) o Af A ()Y
i=1 =1

WELWE W - 8% (W)
(The values W(.) and I’ are also marked as (-) to remind the reader that they
are the same in both 7 and 7. Remember that g(") h(™ are different in the
two transcripts and they are generated as part of the InPrd). Dividing it by the
verification equation for the simulated transcript, we get

(i) i) ) (1
i=1 1= =1 =1
: .

1
N G L ,Ag—i W



We rearrange the exponents w.r.t. the generators (g, h, g, h,u). Let us focus
on the exponent of g. The only elements with a non-zero component for g are: the
simulated A; and S that have pr and —prZ~2 in the exponents of g, respectively;
and L; (resp. R;) with g-component l; ; (resp. 7; 4) submitted by the adversary
during the oracle queries. Then the exponent of g in (4) is

m m

Z i gy + Z Ti,giﬂi_z — pri "z’ + pra. (5)
i=1 i=1

If (5) is non-zero then we find a non-trivial DL solution since the left-hand side of
4 has g-component 0. Now we argue that (5) vanishes with negligible probability.
Since the state-restoration adversary makes queries to Ogy in order (e.g., it
cannot query a transcript whose prefix has not been queried yet), the challenges

T,%1,...,Ty, are also assigned in order. Suppose the first m variables are fixed
to x,x1,...,Z,—1 and regard (5) as a univariate polynomial with indeterminate
X,,. Define
m—1 m—1
ef]m)(Xm) =l g X2 + T g X2 + Z li g7 + Z ri,gasi_2 — pr& 22 + pra.
i=1 i=1

Then, by the Schwartz—Zippel Lemma, if the polynomial egm) (X) is non-zero,

egm)(xm) vanishes with probability at most 4/(p — 1) over the random choice of

ZTm € Zyp; if it is a zero-polynomial, it must be that the constant term of e!(,m) is

0. Hence, if the polynomial

m—2
eém_l)(mel) = lmfl,ngnfl + Tmfl,gX;zz—l + Z li,gmz2
i=1
m—2
+ Z Ti7in_2 — pI:E*Q:E‘3 + prx
i=1
is non-zero, i) (zm_1) vanishes with probability at most 4/(p — 1) over the

random choice of x,,—1 € Z,. Iterating the same argument, we are eventually
tasked with showing ego)(a:) = —p;3~ 223 + prxr = 0 with negligible probability.
This only happens if (1) p; = 0, i.e., ego) (X) is a zero-polynomial, or (2) ego)(x) =
0 over the random choice of z € Z,. The former happens with probability
1/(p — 1) because p; are uniformly chosen by the simulator; the latter happens

with probability at most 3/(p — 1).
If 8, # B, or t # £, then we have another transcript

EP = (‘4["40’5’;@72; (j;i)iés;i‘vﬁx7ua E7w7L1aRl7x17 .. '1L77L7Rma'1:mva’7 b)

Since both simulated and adversarial transcripts satisfy the verification equation
w.r.t. the same R, we have

gfhﬁm — R= gt:hg’”
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which leads to a non-trivial DL relation.

If ;o # [i, the analysis is similar to the case where T; # T;. The verification
equation satisfied by Tgp is

(g(m))a(h(m))b(u/)ab

= (ﬁ Lf?) . <ﬁ Rfi2> ChTR [19[5 . [1552 . (fl')—i'"
=1 =1

TWE-WE-Wo - 87 (u)E,
R

(") (™) ()™ - (") (R0 P (@)~
() () (fLe) ()

We rearrange the exponents w.r.t. the generators (g, h, g, h,u). Let us focus
on the exponent of h. Then the exponent of A in (6) is

m

> ligri+ > rigrit— (- i) (7)
=1

i=1

where [; p, (resp. 7;,5) is the exponent of h available as group representation of L;
(resp. R;) submitted by the adversary. Using the same argument as before, since
the h-component in the left-hand side of 6 is 0, if u # [ we obtain non-trivial
DL relation except with negligible probability.

If L, # L; or R; =+ R; This part of the proof uses similar techniques as the
ones for Lemma 8 in [22], with the main difference that we explicitly show
the equalities and constraints that must hold for all exponents of parameters
g, h, g, h,u. For instance, we introduce polynomials £8 and ¢/ which are essential
for the full analysis, but were absent from proof in [22].

Let the representations output by the adversary for L;, R; be

n n
bigg plins “igs 4 Tih . .
Li = H (gj 9j h] hJ) glghlhulu and Ri — H (g; 93 h; h]) g'rghThuru
Jj=1 =1

Py, Ph, o
and let P = [[}_, (gj 7 hjh’) gPs hPhyPu be the representation of P’ which is

same in both the transcript of the simulator and the one of the adversary. In
what follows we prove that the exponents of L; (resp. R;) match those of L; (resp.
Rl) for i = 1,...,m except with negligible probability and otherwise one can
find non-trivial discrete-log relation. Let bit(k,4,t) be the function that return

the bit k; where (kq,--- , k:) is the ¢-bit representation of k.
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Since T is accepting, the outcome of InPrd.V should be 1, and therefore, the
following must hold:

(8)" ()" (H Ly ) P (ﬁ R > : (®)

where g(™) h(™) are parameters for the last round, and a, b are the last round
messages. All terms in this equality can be expressed in terms of g, h, g, h, u and
we can compute the tuple

2 2
((g) @) 5)62)76@))

€h > u

) = 1. We compute e(g),e£,2)7 e e? e as

such that get(;) hew ge.(q2) hes ue
in Equations 9 to 13. Note that if 7 is accepting, (e(g ),eh , é),ef),ef)) =
(0,0,0,0,0), otherwise we get a non-trivial discrete-log relation.

For k=0 ton — 1:

9k+1 0
m L qyi-bit(kim) (9)
<Z Zg1+k 7 +r2!]1+k i )+pgl+k> — Q- (H[L‘E ) >
i=1 i=1
(2)
ehk+1 =0
i 3 1)pitCsam) (10)
= (Z(lmusz + Tihy n T ) —I—thk) — by( (k)) (H )
i=1 -1
ef) =0= (Z(lwxf + rma:;Q) +p;> —w-ab (11)
i=1
6;2) =0= ( (liga:f + rigari_z) —|—p'g) (12)
i=1

6}(12) =0= (Z(lmx + ripx; %) —|—p§1> (13)

In order to derive relation between values lyy;, 7ig, , lin;, Tin,; , 4i, and the group
representation of statement P’, we will invoke Schwartz-Zippel lemma in a
recursive way. It is convenient to define the following polynomials to invoke the
lemma recursively. For all t € {1,...,m}, forall j € {0,...,n — 1},

k-1

g _ 2 -2 / -2
ft,j(X) - lt7!]1+jX + Tt,!hﬂ'X +pg1+j + E 701+g €T + Ti,g145%; ) )
=1
k—1
h _ 2 -2 / . 2 ) -2
ft,j(X) = lt7h1+jX + rt;h1+jX +ph1+j + § (11,h1+jxi + Tihyg ;%5 ) )
i=1
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and

t—1
X)) =1 X+ X 24+ Y (lhaf + i %)
=1

Combining different polynomials, one can eliminate ¢ (and b) from Equa-
tion (9) (and similarly from (10)) and rewrite the resultant equation in terms of
polynomial f£; (similarly, ftl?j) to get: For t € {1,...,m}, 5 € {0,...,n/2" — 1},

FES(e) - — S () =0 (14
and
fl%g(n) (T1og(n)) — w - fl%g(n),j (T1og(n)) - fllgg(n),j (Z1og(n)) = 0. (15)

Since all the challenges are in order, we rewrite (14) as a univariate polynomial
in terms of variable Xj:

ftg,j(Xt) th - fgj+n/2t (X¢) =0. (16)

(16) vanishes with probability at most 6/(p — 1), and otherwise it is a zero
polynomial. Equating each coefficient term to 0, we get

Tt g1+ — ftg 1 j+n/2t (-thl)a lt,gl+]‘ =0, Tt,gj+,,L/2t =0, (17)
—2
le t9jpnys2t pg1+1 + Z 9145 T s Ti,g145T; ) = gtgfl»j(xtfl) <18)

where the last term in (18) can be rewritten as a univariate polynomial:

t—2
g 2 -2 / E : -2
gt 13( ) - lt71,g1+jX + rtfl-,glﬂ‘X +p91+]’ + Zglﬂ Ty + Tigi; T4 )
i=1

Iterating a similar argument for all rounds, for ¢t = 1 we get, r14,,, = p/gl+j+n/2

and [y Similarly, arguing for polynomial f,? ;» we get the condition:

Gitn/2 p_i]1+j'
PP (X)) X2 = P (X0) = 0. (19)

Analogous to polynomial £% ;, we define £7;(X) = l;—1n,,, X* + 1.0, X > +

ph1+J + ZZ 1( ihigy L7+ Tihy, -2). Equahtles 16,19 gives following constraints:
For all t € {2,...,m}, for all j € {0,...,n/2 —1}:

Ttgr4; = ftg—l,j+n/2t (@i-1), ligiy, =0, 74,95 tnyot — 0,
h 2t
lt = gtg,j (‘/L‘tfl)? Tth1+j = 0’ lth1+j = ftfl,jJrn/Q‘ (xtfl) ' yn/ ) (20)

=0 (we1)

Fj4n/2t

lt>h1+j+n/2f =0, Tthy g ynyat
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Fort =1, for all j € {0,...,n/2 — 1}:

— _ _
"giy; = p91+n/2’ 1191+,7‘ =0, T1,9i4n/2 = 0,

— _ _ 2/ n/2
U.gj1ns2 = Dgiijr Tlhay; = 0,l1hyy; = Phigjinsy2 ¥ (21)

_ o n/2
llvh1+j+n/2 =0, "h11j4ms2 = Phyyy Y

Note that the output of polynomials f,i i ,L“ j,ff i E};’ ; are deterministic given
challenges (z1,..., 7). Also note, values pg, ..., p, are fixed as they are equal
to the representation output by the simulator. Hence, values for r; g, ., 7in,,;,
li,g,,; and l; ,,; (in equation 21) are fixed given previous round challenges.

Now, consider exponents for generators g, h and u. Since equations (11,13,12)
hold, using Schwartz-Zippel lemma recursively, it can be shown that l; ,, 7., =
0,li,9,74,9,li,n = Ti,n = 0.

Note that, for a honest execution of InPrd, the exponents for L;, R; are derived
using constraints in (21). Thus, L;, R; cannot differ from Li, R;.

Concrete advantage of the adversary. This analysis comes directly from the
Bad Challenge analysis for ACSPf in [22]. For the case T; # T;, the adversary
succeeds in forging if any one of the polynomials ego)’ cee egm) vanishes. Using
union bound, this happens with probability 4(m + 1)/(p — 1). Similarly, for the
case p # i, we break discrete-log relation except with probability: 4m+1/(p —1).
Now, consider the case, L; # L;. The adversary succeeds in forging a proof for a
false statement if they were lucky enough to get a challenge x; such that equations
16, 19 and 15 vanish at x;. This means, for round ¢t € {1,...,m = log(n)}, if
any of the Zf;i 2n/2" polynomials of degree at most 4, 2n /2! polynomials of
degree at most 6, and one polynomial of degree at most 8, vanish, i.e., adversary
succeeding in forging a proof, which turns out to be at most (14n + 8)/(p — 1).
Note that the adversary can query O, for SR-UR ¢ times. It is enough to take
max of all case-by-case probabilities to get an upper bound for the probability
of the adversary succeeding in forging a proof. This is because all the cases
are sequential and the adversary succeeds in forging unless we break discrete-
log relation for the very first case that the adversary exploits. Thus, adversary
succeeds in forging a proof with probability at most (14n + 8)q/(p — 1).

O

Combining the results from Theorem 4 and Claim 2, we get the following
corollary.

Corollary 1. Fiat-Shamir transform of BP satisfies FS-SIM-EXT with respect
to a canonical simulator Sgs.gp corresponding to the algebraic simulator Sgp.
Concretely, there exists an efficient FS-SIM-EXT extractor £* for FS-BP such
that for every mon-uniform algebraic prover ;’]g against FS-BP that makes ¢1
random oracle queries and qo simulation queries, and for every distinguisher D*,
there exists a non-uniform adversary A against DL-REL with the property that
for all A € NT,
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o L i} ) 14n + 8
AQVEE ST (Spo g £, P, D™, N) < <AdvDL REL(G,, Ay) + ((p_l))q>

(14n + 8)92) (@2 +1)(q1 +1)
(r—1) |Chy, |

+q2 - (AdVDL_REL(G,\, Ax) +

where ig € [1,7] is the round with the smallest challenge set Chy,.
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