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Applications:

• Verifiable Delay Functions

• ZK-Virtual Machine

• zkRollups

Proof
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Prover Verifier
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Prover Verifier

𝑥0, 𝑥1

𝑤′ 𝑥′

Completeness

W.h.p.,

𝑥0, 𝑤0 ∈ 𝑅 and 𝑥1, 𝑤1 ∈ 𝑅
⟹ (𝑥′, 𝑤′) ∈ 𝑅

𝑤0, 𝑤1
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Prover Verifier

𝑥0, 𝑥1𝑤0, 𝑤1

𝑤′ 𝑥′

Extractor

Knowledge Soundness

The prover must 

have known valid 

𝑤0, 𝑤1 for 𝑥0, 𝑥1
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Succinctness

Prover Verifier

𝑥0, 𝑥1𝑤0, 𝑤1

𝑤′ 𝑥′

Verifier:



Nova folding scheme [KST22]

• First folding scheme for a Committed Relaxed R1CS under DL assumption

• The construction only needs a compressing, additively homomorphic 
commitment scheme (e.g., Pedersen commitment)

• Generic way to obtain IVC from folding schemes in ROM
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Our contribution

• First lattice-based folding scheme

• Based on the (unstructured) SIS assumption

• Exact Euclidean norm proof



Ajtai commitment [Ajt96]

• Let ℤ𝑞 be a ring of integers modulo 𝑞.

• To commit to a short message vector 𝒔, we compute:
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Ajtai commitment [Ajt96]

• Let ℤ𝑞 be a ring of integers modulo 𝑞.

• To commit to a short message vector 𝒔, we compute:

𝑨

𝒔

= 𝒕

commitment

(𝑚𝑜𝑑 𝑞)

Binding holds under the Shortest 

Integer Solution (SIS) problem:

Given a random matrix 𝑨, find a short 

non-zero vector 𝒔 s.t.

𝑨𝒔 = 𝟎 (𝑚𝑜𝑑 𝑞)



Lova, take 1

12



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

Lova, take 1

12



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

Lova, take 1

12

Prover (𝒕𝟏, 𝒕𝟐; 𝒔𝟏, 𝒔𝟐) Verifier (𝒕𝟏, 𝒕𝟐)



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

Lova, take 1

12

Prover (𝒕𝟏, 𝒕𝟐; 𝒔𝟏, 𝒔𝟐) Verifier (𝒕𝟏, 𝒕𝟐)



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

Lova, take 1

12

Prover (𝒕𝟏, 𝒕𝟐; 𝒔𝟏, 𝒔𝟐) Verifier (𝒕𝟏, 𝒕𝟐)



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝑐

Lova, take 1

12

Prover (𝒕𝟏, 𝒕𝟐; 𝒔𝟏, 𝒔𝟐) Verifier (𝒕𝟏, 𝒕𝟐)

𝑐



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐

𝑐

Lova, take 1

12

Prover (𝒕𝟏, 𝒕𝟐; 𝒔𝟏, 𝒔𝟐) Verifier (𝒕𝟏, 𝒕𝟐)

𝑐



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

12

Prover (𝒕𝟏, 𝒕𝟐; 𝒔𝟏, 𝒔𝟐) Verifier (𝒕𝟏, 𝒕𝟐)

𝑐



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

13

Prover (𝒕𝟏, 𝒕𝟐; 𝒔𝟏, 𝒔𝟐) Verifier (𝒕𝟏, 𝒕𝟐)

𝑐



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

13

Prover (𝒕𝟏, 𝒕𝟐; 𝒔𝟏, 𝒔𝟐) Verifier (𝒕𝟏, 𝒕𝟐)

𝑐𝑨𝒔′ = 𝑨(𝒔𝟏 + 𝑐𝒔𝟐)
= 𝑨𝒔𝟏 + 𝑐𝑨𝒔𝟐
= 𝒕𝟏 + 𝑐𝒕𝟐
= 𝒕′



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

13

Prover (𝒕𝟏, 𝒕𝟐; 𝒔𝟏, 𝒔𝟐) Verifier (𝒕𝟏, 𝒕𝟐)

𝑐𝑨𝒔′ = 𝑨(𝒔𝟏 + 𝑐𝒔𝟐)
= 𝑨𝒔𝟏 + 𝑐𝑨𝒔𝟐
= 𝒕𝟏 + 𝑐𝒕𝟐
= 𝒕′

∥ 𝒔′ ∥≤ 𝛽 𝑚𝑎𝑥
𝑐∈𝐶

𝑐 + 1 ≝ 𝛽′



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

14

𝑐
𝒔′

(𝟏)

Knowledge soundness via special soundness: 𝑐1 ≠ 𝑐2



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

14

𝑐
𝒔′

(𝟏)

Knowledge soundness via special soundness: 𝑐1 ≠ 𝑐2



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

14

𝑐
𝒔′

(𝟏)

Knowledge soundness via special soundness: 𝑐1 ≠ 𝑐2

𝑨𝒔′
(𝟏)

= 𝒕𝟏 + 𝑐1𝒕2

𝑨𝒔′
(𝟐)

= 𝒕𝟏 + 𝑐2𝒕2



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

14

𝑐
𝒔′

(𝟏)

Knowledge soundness via special soundness: 𝑐1 ≠ 𝑐2

𝑨𝒔′
(𝟏)

= 𝒕𝟏 + 𝑐1𝒕2

𝑨𝒔′
(𝟐)

= 𝒕𝟏 + 𝑐2𝒕2

𝑨
𝒔′

𝟏
− 𝒔′

𝟐

𝑐1 − 𝑐2
= 𝒕2

𝑨
𝑐2𝒔

′ 𝟏 − 𝑐1𝒔
′ 𝟐

𝑐2 − 𝑐1
= 𝒕1



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

14

𝑐
𝒔′

(𝟏)

Knowledge soundness via special soundness: 𝑐1 ≠ 𝑐2

𝑨𝒔′
(𝟏)

= 𝒕𝟏 + 𝑐1𝒕2

𝑨𝒔′
(𝟐)

= 𝒕𝟏 + 𝑐2𝒕2

𝑨
𝒔′

𝟏
− 𝒔′

𝟐

𝑐1 − 𝑐2
= 𝒕2

𝑨
𝑐2𝒔

′ 𝟏 − 𝑐1𝒔
′ 𝟐

𝑐2 − 𝑐1
= 𝒕1

𝒔𝟐



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

14

𝑐
𝒔′

(𝟏)

Knowledge soundness via special soundness: 𝑐1 ≠ 𝑐2

𝑨𝒔′
(𝟏)

= 𝒕𝟏 + 𝑐1𝒕2

𝑨𝒔′
(𝟐)

= 𝒕𝟏 + 𝑐2𝒕2

𝑨
𝒔′

𝟏
− 𝒔′

𝟐

𝑐1 − 𝑐2
= 𝒕2

𝑨
𝑐2𝒔

′ 𝟏 − 𝑐1𝒔
′ 𝟐

𝑐2 − 𝑐1
= 𝒕1

𝒔𝟐

𝒔𝟏



𝑅 = {(𝒕, 𝒔)|𝒕 = 𝑨𝒔 (𝒎𝒐𝒅 𝒒) ∧ ∥ 𝒔 ∥ ≤ 𝜷}

𝒔𝟏 𝒔𝟐
𝑨𝒕𝟏 𝒕𝟐 = 𝑚𝑜𝑑 𝑞

𝑐 ← 𝐶 ⊆ ℤ𝑞

𝒔𝟏 𝒔𝟐𝒔′ =

1

𝑐 𝒕𝟏 𝒕𝟐=𝒕′
1

𝑐

𝑐

Lova, take 1

14

𝑐
𝒔′

(𝟏)

Knowledge soundness via special soundness: 𝑐1 ≠ 𝑐2

𝑨𝒔′
(𝟏)

= 𝒕𝟏 + 𝑐1𝒕2

𝑨𝒔′
(𝟐)

= 𝒕𝟏 + 𝑐2𝒕2

𝑨
𝒔′

𝟏
− 𝒔′

𝟐

𝑐1 − 𝑐2
= 𝒕2

𝑨
𝑐2𝒔

′ 𝟏 − 𝑐1𝒔
′ 𝟐

𝑐2 − 𝑐1
= 𝒕1

𝒔𝟐
∥ 𝒔𝑖 ∥≤ 2 ⋅ 𝛽′ for 𝑖 = 1,2

Suppose 𝐶 = 0,1 . 

Then,
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Ideas for proving exact norm bounds
Observation 1

• If a vector 𝒔 satisfies |⟨𝒔, 𝒔⟩ 𝑚𝑜𝑑 𝑞| ≤ 𝛽2 and ||𝒔|| ≪ 𝑞 then we must have

||𝒔|| ≤ 𝛽.

Hence, we reduce the problem to proving inner products modulo 𝑞.



New relation
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Ideas for proving exact norm bounds
Observation 2

• Suppose 𝑺𝟏
⊤𝑺𝟏 = 𝑫𝟏 and 𝑺𝟐

⊤𝑺𝟐 = 𝑫𝟐.

• Denote 𝑺∗ ≔ 𝑮−𝟏( 𝑺𝟏 𝑺𝟐 . Then, 

•
𝑫𝟏

𝑫𝟐
= 𝑮⊤𝑺∗

⊤
𝑺∗𝑮. 

• Hence, reveal ෩𝑫 ≔ 𝑺∗
⊤
𝑺∗. 

: )

: )
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1. Arguing knowledge soundness will boil down to random evaluation of some 
quadratic polynomial

2. To this end, relying on the {0,1} set is not enough

3. So, instead we take the set {−1,0,1}

25

Fix 𝑐 ∈ −1,0,1 . With probability 
1

3

𝑐′ − 𝑐 = ±1.

Set big enough for the Schwartz-Zippel 

argument.



Lova  - Single folding step (ouch)

𝜆 = 128, 𝑞 = 264, 𝑏 = 𝛽, 𝑘 = 4,64-bit Fiat-Shamir security loss

AWC EC2 m5.8xlarge, 128GB RAM, 32 Intel Xeon vCPUs @ 3.1GHz
26



THANKS!

• Decompose-and-fold for folding norm growth

• Amplify soundness by consider many instances (i.e., parallel repetition)

• Exact Euclidean norm proof (i.e., inner product + probabilistic check) for 
extracted norm growth

Summary
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