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Preliminaries
• Kolmogorov complexity K(x) := minΠ{|Π| | Π(ε) = x}

• Levin’s notion [Lev84]
Kt(x) := minΠ(|Π|+ ⌈log2(t)⌉ | Π(ε) = x in t steps)

• Decisional problem MKtP := {(x , k) | Kt(x) ≤ k}
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Simple Diagonalization for K

• Suppose TM (of size c ≤ 100) decides RK = {x | K(x) ≥ |x |}.
• Strategy: Compute own size c , iterate over all strings. On K-
random string x ∈ RK of length |x | ⪈ c, output x .
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Diagonalization Approach

Simple Diagonalization fails for Kt

• Suppose linear-time TM (of size c ≥ 2) decides RKt =
{x | Kt(x) ≥ |x |+ ⌈log |x |⌉}.

• Strategy: Compute own size c , iterate over all strings.
On Kt-random string x ∈ RKt if |x |+ ⌈log |x |⌉ ⪈ c + ⌈log(t)⌉,
output x .

ε

0

00

000 001

01

010 011

1

10

100 101

11

110 111

• Level ℓ costs t ≥ 2ℓℓ time. Never output any string x ∈ {0, 1}ℓ+1

because |x |+ ⌈log |x |⌉ ≤ c + ⌈ℓ+ log(ℓ)⌉ ≤ c + ⌈log(t)⌉.
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Our Diagonalization

• Suppose linear-time TM (of size c) decides
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• Need structure of RKt: a 1-Kt-random string (Chaitin’s constant
Ω [Cha75]); here 101...
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Results

Unconditional Results
• MKtP ̸∈ DTIME[O(n)],

• MKtP ̸∈ DTIME[O(n log(n) · · · log(k)(n))] for each k ∈ N.
• MKtP ̸∈ DTIME[O(n)] even with O(1/n2) false-positive error,

Conditional Result
• MKtP ̸∈ DTIME[t(n)], or

• MKtP ̸∈ DTIME[O(n)] even with O(1/t(n)) false-negative error.

Thus, MKtP ∈ P =⇒ MKtP ̸∈ DTIME[O(n)] with 1/poly∃(n)
two-sided error which implies a very weak form of OWF against
deterministic inverters.

1OWF is computable in poly-time, and linear-time inversion is correct or ⊥.
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